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Static structure factor of polymerlike micelles: Overall dimension, flexibility,
and local properties of lecithin reverse micelles in deuterated isooctane
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3Institut Laue-Langevin, Large Scale Structures Group, Boıˆte Postale 156, F-38042 Grenoble, France

~Received 1 April 1997!

We report a systematic investigation of the static structure factorS(q,c) of polymerlike reverse micelles
formed by soybean lecithin and trace amounts of water in deuterated isooctane using small-angle neutron
scattering and static light scattering. The experimental data for different concentrations in the dilute and
semidilute regime cover approximately three decades of scattering vectors. The data have been analyzed using
polymer renormalization-group theory and a nonlinear least-squares fitting procedure based upon a numerical
expression for the single chain scattering function of a wormlike chain with excluded-volume effects. Further-
more, the influence of interaction effects on the static structure factor have been successfully examined within
a modified random-phase approximation. Additional information on the local scale has been extracted by
applying indirect Fourier transformation and square-root deconvolution techniques. We demonstrate that we
can determine structural properties such as the micellar cross-section profile and flexibility as well as quanti-
tatively incorporate the influence of micellar growth and excluded-volume effects onS(q,c).
@S1063-651X~97!11211-9#

PACS number~s!: 82.70.Dd, 83.70.Hq, 61.12.Ex, 78.35.1c
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I. INTRODUCTION

Surfactants in solution show a large variety of differe
microstructures with a structural evolution sensitive to co
trol parameters such as temperature, concentration, or i
strength. The morphology sequence of self-assembling
tems is primarily determined by local geometrical constrai
and a subtle balance of opposing forces originating from
polar head group and the hydrophobic tail region of the s
factant molecule. Several theoretical concepts have been
mulated, which provide a link between microstructures a
phase behavior based on concepts such as the sponta
curvature@1–3# or the so-called packing parameter@4–6#.

Among the different microstructures, wormlike aggr
gates have attracted widespread attention over the past
decades because these systems can serve as a prime ex
of equilibrium polymers. The term ‘‘equilibrium’’ or ‘‘living
polymer’’ is used in a general sense for reversibly asse
bling linear objects. The equilibrium properties of these
pramolecular aggregates strongly depend on concentratio
self-assembling monomers and temperature@7,8#. Due to
their transient nature, equilibrium polymers exhibit nov
static and dynamic properties on time scales both long
short compared to their finite lifetime~for reviews see, for
example,@9–15#!. The obvious structural analogy betwee
these systems and classical polymers has suggested t
deeper understanding of polymerlike micelles and mic
emulsions can be achieved by applying theoretical conc
from polymer physics. The one-dimensional growth
spherical micelles to elongated polymerlike aggregates
been observed in numerous aqueous surfactant systems

*Authors to whom correspondence should be addressed.
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a reduction of the spontaneous curvature through a varia
of ionic strength~in ionic surfactant systems!, temperature
~in nonionic systems!, or cosurfactant concentration@16–40#,
whereas in organic solvents polymerlike properties ha
been reported so far only in a few systems@41–49#.

Despite the considerable experimental and theoretica
tention given to the characterization and understanding
polymerlike micelles and microemulsions, precise know
edge of the micellar growth, flexibility, and structure as ve
important fundamental properties is still lacking. For e
ample, it is usually accepted that for highly screened io
surfactants or nonionic surfactants the weight-average mi
lar length ^L&w increases with a simple power law of th
form ^L&w;c1/2 ~or with ^L&w;c0.6 in the semidilute re-
gime! @9#. Even though this is generally assumed, there i
surprising lack of solid data that supports it over a su
ciently large range of concentrations in surfactant solutio
that indeed exhibit extensive micellar growth and the form
tion of giant wormlike micelles. This can be explained
part by the fact that the only practical method of quanti
tively determining the micellar size in systems that form
ant polymerlike micelles at low concentrations are scatter
experiments. Any attempt to obtain the size distribution
anisotropic micelles is, however, severely hampered by
difficult task of distinguishing between the contribution
from intermicellar interactions and concentration-depend
micellar growth to the scattering data.

Another aspect of wormlike micelles where we still lac
detailed and quantitative information is the flexibility of th
micelles as a function of micellar composition, ion
strength, or temperature. The flexibilityl p or bending modu-
lus k ~which are related for one-dimensional objects via t
thermal energykBT throughl p5k/kBT! are key parameters
in a more fundamental description of fluid membrane pha
5772 © 1997 The American Physical Society
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56 5773STATIC STRUCTURE FACTOR OF POLYMERLIKE . . .
provided by the flexible surface model@50# and are crucial in
any attempt to understand transitions such as the isotro
to-nematic transition in micellar systems. Despite this f
there is only limited data available. Previous attempts h
either relied on the use of simple crossover relations for
incorporation of flexibility in the intermediate-q range of
data from small-angle neutron scattering~SANS! experi-
ments @37,46# or alternatively used static light scatterin
~SLS! @51# or a combination of~SLS! and dynamic light
scattering~DLS! together with polymer models such as t
wormlike chain model in order to extract the persisten
length@38,52–54#. However, both the influence of exclude
volume effects@54# and the incorporation of intermicella
interactions in the intermediate-q range are usually not in
cluded in the interpretation of scattering data. While it
generally believed that interaction effects do not affect
data at intermediate values ofq, we demonstrate in this ar
ticle that these effects indeed strongly influence the dete
nation of l p . It is clear from this that major progress in th
interpretation of scattering experiments and a subsequen
provement in the understanding of the static and dyna
properties of equilibrium polymers based on scattering d
requires a much more complete understanding of the s
structure factorS(q,c). This is still an unresolved problem
mainly because of the difficulties that are encountered in
unambiguous differentiation between the effects
concentration-induced micellar growth and intermicellar
teractions onS(q,c) over a wide range of scattering vector
A decoupling of micellar growth and intermicellar intera
tion effects has been achieved in the limitq→0. In several
previous studies it has been demonstrated that one
clearly distinguish between the concentration-induced mi
lar growth and intermicellar interaction effects by combini
results from polymer renormalization-group theory with
concentration-dependent micellar growth that results in
exponential size distribution of the micelles@40,55,56#. Fol-
lowing this procedure, a number of experimentally acc
sible quantities such as the osmotic compressibility~which is
connected to the apparent molar massM app! and the static
correlation length directly obey the same universal sca
laws as do classical polymers@40,56#.

However, a complete incorporation of micelle formatio
and intermicellar interactions in a description ofS(q,c) over
many decades ofq remains a formidable and as yet incom
pleted task. Up to now the analysis of scattering data
polymerlike micelles relied generally on an interpretation
differentq regimes based on asymptotic expressions suc
the Guinier approximation for the low-q regime@57,58# and
by considering crossover relationships for the incorporat
of flexibility in the intermediate-q range@37,46#. Such a pro-
cedure provides only semiquantitative results because cr
over transitions are not always as pronounced as they sh
be for a reliable determination of physical properties such
the flexibility. Moreover, such an analysis uses only part
the information that is contained in the experimental da
Therefore, a major improvement is the application of a lea
squares analysis with a suitably parametrized model c
section@39#. Until recently, we were facing the problem th
even for the case of dilute solutions without intermicel
interactions no suitable scattering functions of wormli
chains with excluded-volume effects were available t
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cover the crossover from rod to coil behavior and span s
eral decades in theq range. This shortcoming has been ove
come by a recently conducted series of Monte Carlo simu
tions where excluded-volume effects have explicitly be
incorporated@59#. The model used in the off-lattice Mont
Carlo simulation studies is a discrete representation of
wormlike chain model developed by Porod and Krat
@60,61#. The calculated single-chain scattering functio
have been parametrized according to the approach
Yoshizaki and Yamakawa@62#, so that a least-squares anal
sis is now feasible@63#.

In the present study we focus our attention on the fun
mental problem of obtaining quantitative information on m
cellar growth, flexibility, and structure. We have conduct
several series of extended SANS measurements of rev
micellar solutions of lecithin in deuterated isooctane, wh
are complemented by a careful light scattering study. T
combined data sets contain structural information over
extendedq range of approximately three decades for a se
of surfactant concentrations below and above the ove
threshold. Considerable effort has already been devoted
viously to the characterization of polymerlike reverse m
celles of lecithin in a variety of different organic solven
using techniques such as SLS, DLS@54–56,64#, and SANS
@44–46,65# and with rheological measurements@43,44#.
Based on these studies, the following picture emerged.
micellar size is strongly dependent on both the water con
and the surfactant concentration. At low water content,
micelles are found to be quite small and the solutions exh
static and dynamic properties that are typical for colloid
solutions. Upon further addition of water, the micelles b
come giant and resemble semiflexible polymers in solut
and they can form entanglement networks at concentrat
above the so-called entanglement threshold or overlap c
centrationc* . In this study we use this model system
order to make the next step towards a quantitative und
standing of the structural properties of equilibrium polyme

We present an analysis of the scattering data, which u
the well-established renormalization-group theory appro
to extract the growth behavior of the overall propertie
whereas the analysis of the properties on intermediate le
scales are based on the nonlinear least-squares fitting p
dure, which incorporates polydispersity effects and explic
takes into account the local tubular cross section of the
celles. In addition, on the local length scale the geometr
model of a flexible but locally stiff and tubular structure h
been confirmed in SANS contrast variation experime
where the inner H2O core was exchanged with D2O. This
investigation is in direct analogy to former theoretical a
experimental studies where we analyzed the local struc
of polymerlike lecithin reverse micelles in deuterated cyc
hexane@66,67#. Finally, we made an attempt to achieve
self-consistent description of both micellar growth and int
action effects on the entireS(q,c) by using the results from
a recent Monte Carlo simulation study of many-chain s
tems that has suggested that a modified random-phase
proximation can be used@68#.

II. MATERIAL AND METHODS

A. Materials and sample preparation

Soybean lecithin was obtained from Lucas Meyer~Epiku-
ron 200! and used without further purification. Fully deute
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5774 56JERKE, PEDERSEN, EGELHAAF, AND SCHURTENBERGER
ated isooctane-d18 ~98% purity, 2,2,4-trimethylpentane! was
purchased from Cambridge Isotope Laboratories. The w
used was purified with a Milli-Q water purification syste
from Millipore. Samples were prepared as follows. First le
thin was dissolved in deuterated isooctane for approxima
16 h using a magnetic stirrer and then water was added
a microliter syringe~Hamilton! under stirring. Complete
mixing was achieved by gentle stirring for a few hours. T
samples were finally equilibrated for a few days in the d
at 26 °C. The concentration series for SLS measurem
were done step by step by serial dilution from a 15.88-mg
stock solution@69#.

B. Methods

1. Static light scattering

Static light scattering experiments were made with a fi
optical setup based upon a Malvern PS/MW spectrome
equipped with an argon ion laser~Coherent, Innova 70,l0
5488 nm! and a computer-controlled and stepping-mot
driven variable detection system. Measurements were
ally performed at a temperature of 26 °C60.2 °C. Approxi-
mately 1 ml of the solution was transferred into t
cylindrical scattering cell~10 mm diameter!. The scattering
cell was then stoppered and centrifuged for approximately
min at 5000 g and 26 °C in order to remove dust partic
from the scattering volume. Experiments were performed
35 different angles between (15.2°<u<145°) and 30–60
individual measurements were taken and averaged for e
angle. The data were then corrected for background~cell and
solvent! scattering and converted into absolute scattered
tensitiesds(u)/dV using toluene as a reference standa
The absolute scattered intensity per volume was calcul
using @70#

ds

dV
~u!5

D^I ~u!&

^I ref~u!& S ds

dV D
ref

S n

nref
D 2

, ~1!

whereD^I (u)& and^I ref(u)& are the average scattered inte
sity of the solution and the average scattered intensity of
reference solvent toluene, (ds/dV)ref539.631024 m21 is
the absolute scattered intensity of toluene~per volume!, and
n andnref are the index of refraction of the solution and t
reference solvent, respectively. The apparent molar m
Mapp and the static correlation lengthjs were determined
from the intercept and slope of a plot ofcKSLS/ds(q)/dV
versusq2 using a Lorentzian scattering law of the form

cKSLS

ds

dV
~q!

5
1

Mapp
~11q2js

2!, ~2!

whereq5(4pn/l0)sin(u/2) is the magnitude of the scatte
ing vector. In the limitc→0 the correlation lengthjs is
connected to thez average of the radius of gyration^R̄g,0&z

via js
25 1

3 ^R̄g,0
2 &z , whereR̄g,0 is the root-mean-square radiu

of gyration of a single coil. The contrast term is given by

KSLS:5
4p2n2

NAl0
4 S dn

dcD
2

, ~3!
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wheredn/dc is the refractive index increment~with dn/dc
59.30731025 m3/kg for w051.5!, c is the surfactant con-
centration plus water, andNA is the Avogadro number.

The accessible range of scattering angles results in
31024 Å 21<q<3.431023 Å 21. The fit range was re-
stricted to scattering angles of 15.2°<u<47.7° so that only
the low-q part was included in the fit, for which we can us
the approximation given in Eq.~2!.

2. Small-angle neutron scattering

The small-angle neutron scattering experiments w
partly performed at the SANS facility installed at the DR
reactor of the Riso” National Laboratory, Denmark. An ex
tended range of scattering vectors from 3.731023 Å 21<q
<0.45 Å21 was covered by four combinations of neutro
wavelength~l53.5 and 10 Å! and sample-to-detector dis
tances (d51 – 6 m). The wavelength resolution was 18
~full width at half maximum value!.

Further SANS measurements with identical samples fo
cross-check and with additional concentration series h
been done at the D22 instrument of the Institut Laue Lan
vin ~ILL !, France@71#. The experiments at ILL allowed us t
extend theq range to lower values so that a significant ove
lap between SANS and SLS data could be obtained. Furt
more, low-concentration samples have been measured w
reasonable time because of the high neutron flux rate.
extended range of scattering vectors 1.831023 Å 21<q
<0.32 Å21 was covered by three combinations of neutr
wavelength~l56.2 and 18 Å; in a further runl59 and 12
Å! and sample-to-detector distances (d51.4– 17.9 m). All
experiments at D22 were done with a 40-cm detector off
The wavelength resolution was 10%~full width at half maxi-
mum value!.

The samples were kept in stoppered quartz cells~Hellma,
Germany! with a path length of 2 mm. The neutron spect
of water used for calibration was measured with a 1-m
path-length quartz cell. The raw spectra were corrected
background from the solvent, sample cell, and electro
noise by conventional procedures. Furthermore, the t
dimensional isotropic scattering spectra were azimuthally
eraged, converted to absolute scale, and corrected for d
tor efficiency by dividing with the incoherent scatterin
spectra of pure water@72–75#.

The average excess scattering length density per
mass Drm of the tubular reverse micelles in deuterat
isooctane was determined from the known chemi
composition of lecithin @76,77#. The corresponding
values are Drm

head525.6031010 cm/g ~lecithin
headgroup!, Drm

tail525.8831010 cm/g ~lecithin tail!,
Drm

H2O
526.8931010 cm/g ~water!, and Drm

D2O

50.06831010 cm/g ~deuterated water!.
The smearing induced by the different instrumental set

is included in the data analysis discussed below. For e
instrumental setting the ideal model scattering curves w
smeared by the appropriate resolution function when
model scattering intensity was compared to the measu
one by means of least-squares methods@78,79#. The param-
eters in the models were optimized by conventional lea
squares analysis and the errors of the parameters were c
lated by conventional methods@80#.
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III. RESULTS AND DISCUSSION

A. General features

Figure 1 shows typical results of SLS and SANS expe
ments for the concentration andq dependence of the norma
ized scattered intensity@ds(q)/dV#/c from lecithin reverse
micelles in deuterated isooctane with a molar water-
lecithin ratio w051.5. It clearly demonstrates the extensi
concentration-induced micellar growth, which is visible
low values ofc, as well as the strong effect of intermicella
interactions, which dominate@ds(q)/dV#/c at c.c* . Fig-
ure 1 can also serve as a good example for the close ana
between giant wormlike micelles and semiflexible polym
in a good solvent.

For most equilibrium polymer systems the whole set
static properties is only accessible through a combination
SLS and SANS. Depending on the length scale, which
essentially given by 1/q, structural information can be ob
tained about the overall dimensions, the flexibility, and
locally cylindrical cross section of the polymerlike micelle
While SLS experiments are ideally suitable for a determi
tion of the overall size and apparent molar mass of la
cylindrical micelles due to the restriction to low values ofq,
the flexibility and the local structure of the micelles has to
determined by SANS experiments. For classical polym
one would expect to find the following three distinct regio
in the scattering data. At lowq, the Guinier region associ
ated with the overall size of the chain~apparent molar mas
Mapp and static correlation lengthjs! is observed. At slightly
higherq, the scattered intensity of a single coil crosses o
to a power-law behavior with an exponent of22 in u sol-
vents and about2 5

3 in good solvents. These exponents a
characteristic of the random-walk and self-avoiding-wa

FIG. 1. Scattered intensity@ds(q)/dV#/c versus scattering vec
tor q and concentrationc for lecithin reverse micelles in deuterate
isooctane with a molar water-to-lecithin ratio ofw051.5. Data
shown were obtained from SLS~low-q range! and SANS~interme-
diate and high-q range! measurements. In the limitq→0, the scat-
tered intensity ~given by d! is mainly dominated by the
concentration-induced micellar growth at low concentrations and
intermicellar interactions at high concentrations.
-
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t

gy
s

f
of
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e

-
e

e
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r

configurations of the chain inu and good solvents, respec
tively. At higherq, one probes shorter length scales and
local stiffness of the chain shows up as a crossover to aq21

behavior. At even higherq the local cross-section structur
of the chain gives rise to a cross-section Guinier behav
and a strong decrease in the scattered intensity. Such a
havior can indeed be observed for polymerlike micelles
shown in Fig. 1. The main difference between classical po
mers and micelles arises from the concentration-induced
cellar growth, which results in a pronounced increase of
forward scattered intensity with increasing concentrati
However, this specific feature of equilibrium polymers b
comes masked by intermicellar interactions at concentrat
above the overlap thresholdc* and the typical features of a
entanglement network of semiflexible polymers are rec
ered atc.c* . As we will demonstrate later, there are ne
ertheless distinct differences between polymers and mice
even atc.c* , which we can exploit in order to experimen
tally determine the growth exponent predicted by the th
retical models of micelle formation.

As discussed in the Introduction, reverse micellar so
tions of lecithin in organic solvents not only exhibit a stron
concentration dependence of the micellar size but they
also extremely sensitive to the amount of water added. It
previously been demonstrated that the addition of tr
amounts of water induces considerable growth of the reve
micelles. This is also shown in Fig. 2~a!, which presents the
q dependence of the scattered intensity for two values of
lecithin-to-water ratio~w051.5 and 2.5!. The concentrations
are in both cases comparable~2 and 2.5 mg/ml, respectively!
and belowc* , i.e., the scattered intensity is dominated
single-particle properties and the effects of intermicellar
teractions are small. We see that the forward scattered in
sity ~e.g., apparent molar mass and correlation length! in-
creases significantly with increasing water content, wher
the local structure~e.g., mass per length and cross-sect
radius of gyration! remains almost unchanged, as will b
demonstrated in detail later.

At w052.5 the resulting polymerlike micelles are e
tremely large already at small values ofc and the scattered
intensity shows the various characteristic asymptotic regim
over a quite extended range ofq. We have thus measure
several samples of lecithin in isooctane withw052.5 in or-
der to demonstrate further the different concentration
gimes more clearly. The corresponding experimental data
summarized in Fig. 2~b! for two different concentrations
(c150.90 mg/ml andc253.49 mg/ml!. The actual concen-
tration values were chosen in such a way that one can fol
the concentration induced growth at low concentrationsc1
,c2'c* ).

B. Data analysis: Apparent molar mass

As pointed out in the Introduction, the analysis of th
detailed structure and size distribution of anisotropic m
celles is severely hampered by the difficult task of dist
guishing between the contributions from intermicellar inte
actions and concentration-dependent micellar growth to
scattered intensity. This has been illustrated with Figs. 1
2~b!. In the first step of our data evaluation we concentr
on the light scattering data obtained forw051.5, i.e., we

y
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5776 56JERKE, PEDERSEN, EGELHAAF, AND SCHURTENBERGER
focus our attention on a detailed evaluation of the initial p
of the scattering curves given in Fig. 1. The experimen
results for the concentration dependence of the apparent
lar mass as obtained from SLS are summarized again in
3. We can try to analyze the concentration dependenc
Mapp by including both a concentration dependence of
micellar size given by a power law of the formM;ca as
well as a description of intermicellar interactions based
conformation space renormalization-group theory origina
developed for semidilute polymer solutions@81#. Such an
analysis previously has been applied to solutions of polym
like reverse micelles and nonionic micelles and details
be found elsewhere@40,55#. In the limit of q→0 the scat-
tered intensity is related to the molar massM through

FIG. 2. Scattered intensity@ds(q)/dV#/c of lecithin wormlike
micelles in deuterated isooctane as a function of solution comp
tion. ~a! Comparison of two dilute samples with different water-t
lecithin ratios~h, w051.5; s, w052.5!, but similar concentrations
~c52 and 2.5 mg/ml, respectively! reveals that micelles with a
higher water content show a much more pronounced growth be
ior. ~b! Characteristicq dependence of the scattered intensity,
samples with a fixed water-to-lecithin ratiow052.5 for two differ-
ent lecithin concentrations below~s, c150.90 mg/ml! and approxi-
mately at~h, c253.49 mg/ml! the overlap thresholdc* .
t
l
o-

ig.
of
e

n
y

r-
n

1

cKSLS

ds

dV
~0!5^M &wS~0!5Mapp, ~4!

whereS(0) is the static structure factor atq50 and^M &w is
the weight-average molar mass@82#. For polymers,S(0)
5 f (X) can be written as a function of a reduced concen
tion X, which is proportional to the concentration, the o
motic second virial coefficient, and the molar mass. F
monodisperse polymers, one findsX5 16

9 A2cM and the os-
motic second virial coefficientA2 is given by

A2'4p3/2NA

R̄g,0
3

M2 C, ~5!

whereC is the degree of interpenetration in dilute solutio
and R̄g,0 is the root-mean-square radius of gyration of
single coil@83#. Polydispersity can be accounted for by usi
@100#

X5
A2c^M &w

9
16 2 1

8 ln
^M &w

^M &n

, ~6!

where^M &w and^M &n are the weight- and number-averag
molar mass of the polymer, respectively. In our analysis
apply the commonly used Schulz-Zimm distribution@84,85#

N~M !5
Mz

z! S z11

^M &n
D z11

e2M ~z11!/^M &n. ~7!

The parameterz is related to the polydispersity indexs2 by
s251/(z11). We fixed the polydispersity tôM &w /^M &n
52, which results inz51 @9#. An explicit functional form

i-

v-

FIG. 3. Apparent molar massMapp versus concentrationc for
lecithin reverse micelles in deuterated isooctane at a wate
lecithin ratio of w051.5. Also shown is the best fit to the da
according to the renormalization-group theory approach, which
sults in a growth exponent ofa51.23 ~solid line!. A fit with a
mean-field growth exponent ofa50.5 ~dotted line! shows the in-
compatibility of the data with the prediction of classical mean-fie
models.
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56 5777STATIC STRUCTURE FACTOR OF POLYMERLIKE . . .
for S(0), for example, has been calculated using t
renormalization-group method@86#

S~0!21511
1

8 S 9X221
2 ln~11X!

X D
3expH 1

4 F 1

X
1S 12

1

X2D ln~11X!G J ~8!

and good agreement between theory and light scattering
was found for classical polymers with different values
^M &w for an extended range of concentrations 1022,X
,102 @87#. A major problem in a direct application of poly
mer theory to lecithin reverse micelles comes from the c
centration dependence of the micellar size distribution. Si
A2 depends onc, we incorporate a power law of the form

^M &w5B1ca ~9!

and a scaling law of the formR̄g;M n in the relations forA2

in Eq. ~5!. This leads toA2;ca(3n22), and according to Eq
~6! the reduced concentrationX is then given by

X52.1B1
~3n21!B2c@a~3n21!11#, ~10!

where B2 provides the link betweenA2 and ^M &w . Equa-
tions ~9! and~10! allow an explicit description of the micel
lar features of an equilibrium size distribution in th
renormalization-group treatment ofS(0) given by Eq.~8!
@55#. As shown in Fig. 3, this allows a quantitative reprodu
tion of the concentration dependence of the apparent m
mass. The resulting best-fit parameters using a nonlin
least-squares fitting routine area51.2360.08, B1
54.893109 g12a mla mol21, and B256.6031024 g23n ml
mol3n21, while the scaling exponentn was kept fixed to the
excluded-volume value ofn50.588 according to the result
from previous light scattering measurements@54# and an
analysis of SANS data at low concentrations. In the case
w052.5 the corresponding values areB1533.14
3109 g12a mla mol21, and B253.2331024 g23n ml
mol3n21 with a51.23 andn50.588 fixed. It is important to
point out that we once again obtain a very high growth
ponenta51.2360.08, which is in good agreement with th
previously determined value ofa51.260.3 for a similar
organic system~cyclohexane instead of deuterated isoocta!
@55# and ofa51.160.1 for C16E6 in D2O @40#.

The incompatibility of the present data with a growth e
ponent according to the classical mean-field models for
cellar growth is shown in Fig. 3, where we tried to fit th
experimental data using a fixed growth exponenta50.5.
Figure 3 in particular demonstrates that the actual value oa
not only determines the initial slope of thec dependence o
Mapp but furthermore distinctly influences the region beyo
c* . This is a consequence of the fact that the value ofA2
~and thusc* ! is primarily given by the molar mass of th
semiflexible chain. WhileA2 therefore remains constant fo
classical polymers and the value ofX is simply proportional
to c, for equilibrium polymers this is not the case andX
increases with a power law of the concentration. As a res
we can determine the concentration dependence ofMapp
much more precisely than originally believed since the f
e
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ward scattering does not become insensitive to the mice
size in the semidilute regime and we do not have to rely
the experimental data obtained in the dilute regime on
This has in fact been overlooked in a previous attempt to
Eq. ~8! in the interpretation of static light scattering da
from the ionic surfactant hexadecyltrimethylammonium b
mide at high ionic strength@88#. While Eq. ~8! has been
applied in order to incorporate interaction effects,c* was
used as a constant without allowing it to vary in response
the increasing micellar size.X was then calculated from th
ratio c/c* , i.e., assumed to increase linearly with concent
tion. We therefore believe that the reported good agreem
between the experimentally determined forward scatter
and the calculations based on the theoretical mean-field
pectations, i.e., assuminga5 1

2 , should be considered with
caution @88#. A careful inspection of Fig. 15 in Ref.@88#
indeed reveals good agreement between data points and
oretical curve at low concentrations, but also systematic
viations at and beyondc* that are quite similar to those w
find when using a too-small value ofa ~see Fig. 3!.

At present we have no clear understanding of the la
values ofa that we have found in a number of differen
systems that form giant polymerlike micelles. For lecithin
isooctane the extent of the micellar growth can be fin
tuned by the amount of water added. In a preliminary inv
tigation under conditions where we already observe
formation of large polymerlike reverse micelles, but whe
the resulting sizes are considerably smaller than in
present study at similar surfactant concentrations, we ind
found a smaller growth exponent ofa50.6360.05 @89#, in
good agreement with mean-field predictions. As soon as
induced a more pronounced growth, as in, for example,
present study~Fig. 3!, we encountered a situation that
totally incompatible with the predicted mean-field exponen
The hypothesis that the concentration dependence of the
cellar size may be much more pronounced for giant polym
like micelles is further supported by recent studies of mice
formation in nonionic surfactant systems. A careful series
static light scattering experiments performed with very dilu
solutions of the nonionic surfactant C12E6 at different tem-
peratures@90# demonstrates that slightly above the critic
micellar concentration, the micellar aggregation numberNagg
increases weakly with concentration and then crosses ov
a power law of the formNagg;c1/2, as predicted by the clas
sical mean-field models of micelle formation. However, in
recent light scattering investigation@40# of another nonionic
surfactant from the same class (C16E6), where giant worm-
like micelles are formed, a value ofa51.160.1 was found
and it has been demonstrated that the data are clearly inc
patible with a power-law exponent of1

2 . It is clear from this
that additional and careful investigations are required
which the extent of micellar growth is carefully adjusted.

C. Data analysis: Local structure

As we have seen from the data shown in Figs. 1–3, s
factant concentration has an enormous effect on the scatt
intensity at low values ofq as a result of the combine
influences of micellar growth and intermicellar interaction
We have demonstrated in Fig. 3 that the contributions fr
growth and interactions can be successfully decoupled u
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FIG. 4. ~a! and ~b! Comparison of the experimental~open symbols! and fitted@ds(q)/dV#/c scattered intensity using the indirec
Fourier transformation method for wormlike reverse micelles in deuterated isooctane at a molar water-to-lecithin ratio ofw052.0, ~c! the
corresponding distance distribution functions, and~d! the radial excess scattering length density profiles.~a! and ~b! Scattered intensity
versusq for reverse micellar samples with~a! H2O ~s, cylinder contrast! and~b! D2O ~h, shell contrast!. Fits to the data are given as soli
lines and the lower cutoff value of theq range used in the IFT is indicated with arrows.~c! Distance distribution functionp̃CS(r ) as
determined by the IFT for reverse micellar samples with H2O ~s! and D2O ~h!. Solid lines represent the fits in the range 12 Å<r
<55 Å ~indicated by arrows! by a square-root deconvolution ofp̃CS(r ). ~d! Calculated radial excess scattering length density profileDr(r )
by deconvolutingp̃CS(r ).
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renormalization-group theory. In contrast to this, the data
high values ofq, which primarily reveal details of the loca
structure, appear to be independent of concentration. Th
a result of the fact that micellar growth occurs in a on
dimensional fashion along the micellar contour and lea
the cylindrical cross section unaltered and because inte
cellar interactions are strongly screened on local len
scales. Therefore, we can expect that an analysis of the
tered intensity using single-particle scattering functions
order to determine the micellar cross-section structure, an
a lesser degree flexibility, should result in good estima
Since the mass per length and the micellar flexibility a
important parameters in any attempt to link molar mass
determined from the forward scattering with micellar dime
t
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sions and structure, we thus continue with an analysis of
scattering data on local length scales.

As described in detail previously@66,67# we can extract
information on the local structure of the reverse micelles
applying the indirect Fourier transformation~IFT! @91,92#
and the square-root deconvolution~SQDEC! method@93# to
the experimental data from the high-q regime. The locally
cylindrical structure can be analyzed with a high degree
accuracy if we focus on a sample in the semidilute regi
where the lecithin concentration is only slightly above t
overlap thresholdc* . We have chosen a reverse micell
solution with a water-to-lecithin ratio ofw052.0 and a total
weight concentration of lecithin plus water ofc516 mg/ml
~see Fig. 4!. In this special case we benefit from a high ra
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of coherent intensity to background, but we still work und
conditions with a well-defined separation of length scales
required in the decoupling approximation used below@66#:
The static correlation lengthjs exceeds the apparent pers
tence lengthl p,app, which is again larger than the cros
section radius of gyrationR̄CS,g of the tubular reverse mi
celles,js. l p,app.R̄CS,g . Figures 4~a! and 4~b! show theq
dependence of the scattered intensity for two different s
tering contrasts used to investigate the local arrangemen
surfactant and water. By using D2O instead of H2O we
achieve a different labeling of our samples. Normal wa
and lecithin give rise to nearly the same scattering cont
against the deuterated solvent. Therefore, we expect to
the scattering pattern of a nearly homogeneous cylinde
the local length scale, whereas the samples with D2O should
look like hollow cylinders with a typical shell contrast, i.e.,
much more pronounced first minimum for the cross-sect
form factor. This can be clearly seen in the scattering sho
in Figs. 4~a! for cylinder and 4~b! for shell contrast@94#.

On length scales where the scattered intensity is c
trolled by the local stiffness of the micelles, it is possible
decouple the data into two contributions: one that origina
from the wormlike chain structure and another that refle
the local cylindrical cross-section structure@66,67#. Provided
that js. l p,app.R̄CS,g the asymptotic behavior of the scatte
ing function forq.1/l p,app can be expressed by

ds

dV
~q!5S p

q D2pE
0

`

p̃CS~r !J0~qr !dr5S p

q D I CS~q!,

~11!

whereJ0 is the zeroth-order Bessel function andI CS(q) the
cross-section scattering intensity. This has been dem
strated in@66# for noninteracting wormlike cylinders and i
@67# for lecithin reverse micelles in deuterated cyclohexa
at c.c* . The normalized cross-section distance distribut
function p̃CS(r ) is given by

p̃CS~r !5
2pc

ML
E

0

`

Dr~r 8!Dr~r 1r 8!r 8dr8, ~12!

whereML is the mass per length of the cylindrical micell
core. Note thatp̃CS(r ) and I CS(q) contain a factorc/ML ,
which is important for absolute normalization of the data

As described previously@66,67#, we obtain a param-
etrized form of the distance distribution functionp̃CS by ap-
plying the IFT method. The resulting values ofp̃CS and a
comparison of fitted and experimental values of the scatte
intensity are shown in Fig. 4~c! for the data obtained from a
sample in the semidilute regimew052.0 ~with c
516 mg/ml!. The lower limit qmin50.04 Å21 @indicated
with arrows in Figs. 4~a! and 4~b!# of the fittedq range was
chosen close to the limit where the crossover from stiff
flexible behavior occurs. Experimental data and fitted cur
coincide perfectly within the fit range ofq>0.04 Å21 and
the expected strong deviations in the low-q regime due to the
crossover from locally stiff to flexible coil structure ar
clearly visible.
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Having determinedp̃CS(r ), we are able to calculate inte
gral parameters of the micellar cross section@96# such as the
mass per lengthML and the cross-section radius of gyratio
R̄CS,g . R̄CS,g is given by@96#

R̄CS,g5F E
0

`

r 2p̃CS~r !dr

2E
0

`

p̃CS~r !dr
G 1/2

~13!

and the cross-section forward scattered intensityI CS(0) by

I CS~0!52pE
0

`

p̃CS~r !dr. ~14!

ML ~in units g/cm! can be calculated via

ML5
I CS~0!

Drm
2 . ~15!

The resulting values are summarized in Table I.
We see that an exchange of H2O with D2O results in

a decrease of approximately 15% ofI CS(0) due to the
lower values of the scattering length density for
subunit of one lecithin and two water molecule
~Drm525.8731010

cm/g for H2O and Drm525.53
31010 cm/g for D2O!, whereas the cross-section radius
gyration increases by approximately 5% due to the hig
weighting of the surfactant shell.

1. Scattering length density profile

In addition to the evaluation of the integral parameters
the micellar cross section, we can also aim at a quantita
estimate of the radial scattering length density profileDr(r ).
This can be done by a deconvolution of the pair distribut
function p̃CS using the square-root deconvolution meth
@66,93#. For the semidilute sample~w052.0, c516 mg/ml!
the resulting profileDr(r ) versusr is shown in Fig. 4~d!.
The distance distribution functionp̃CS(r ) obtained via the
IFT and the fitted one by using the deconvoluted scatter
length density distribution are shown in Fig. 4~c!. Within the
fit range 12 Å,r ,55 Å, both functions are in good
agreement. The range is limited at short distances by diff
longitudinal correlations@66#.

Following this deconvolution procedure we have now a
cess to the cross-section profile on an absolute scale@in units
cm22, Fig. 4~d!#, which can be compared with a simple ge
metrical model of a tubular cross section@67#. The IFT

TABLE I. Cross-section radius of gyrationR̄CS,g , cross-section
forward scattering intensityI CS(0), andmass per unit lengthML

obtained by the indirect Fourier transformation method for lecit
reverse micelles in deuterated isooctane~w052, c516 mg/ml! with
cylinder (H2O) and shell (D2O) contrast.

Contrast
R̄CS,g

~Å!
I CS(0)

(108 cm/g)
ML

(10213 g/cm)

H2O 18.3 5.15 1.52
D2O 19.2 4.43 1.45
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method has yielded a value ofML51.52310213 g/cm ~see
Table I!. Together with the molar mass of a ‘‘monomer
~one lecithin plus two water molecules! of M15812 g/mol,
this results in a linear monomer number density oflL
51.13 Å21 ~lecithin molecules per angstrom! along the mi-
cellar contour. The surface area per lecithin headgroupa0 at
the hydrocarbon-chain–water interface for long-chain ph
phatidylcholine molecules in a variety of different aggreg
structures is approximatelya0'70 Å2 @4,97#, which together
with lL allows us to estimate the circumference of the c
lindrical cross section at the hydrocarbon-chain–water in
face lLa0'79.1 Å. From the known circumference of th
cylindrical cross section at the hydrocarbon-chain–water
terface we can then finally calculate the inner core rad
~water plus lecithin headgroup! Rcore'lLa0/2p'12.6 Å.
For the given distribution of fatty acid chain lengths in so
bean lecithin the chains should extend on average ov
length of approximatelyl c'17 Å. Due to the penetration o
the solvent~deuterated isooctane! into the radially extended
lecithin tails, a sharp steplike scattering length density pro
is clearly an oversimplification. A more realistic geometric
model for a ‘‘hairy’’ cylinder @66,67# would predict that the
profile should decay in a first approximation withDr(r )
'Dr tailRcore/r from r 15Rcore to r 25Rcore1 l c . Finally, the
lecithin chains can extend by approximately 5–6 Å beyo
l c @6#, i.e., Dr(r )50 should occur atr'35 Å.

Figure 4~d! reveals that the experimentally obtained e
cess scattering length density profilesDr(r ) are in close
agreement with the expectation based on the simple g
metrical model. We not only recover the predicted cro
section dimensions of the tubular micelles, but the mag
tudes of the experimentally determined values ofDr(r )
agree on an absolute scale to within 10–20 % with the p
dictions based on the known chemical composition of
polar core~water plus lecithin headgroup! and the apolar
shell ~lecithin tail!.

It is only the predicted very strong variations ofDr(r )
between the water core and headgroup region that we do
observe. However, this is not surprising as for these very
values we do not expect to find a clear separation betw
the water core and headgroup region but rather
quite extended water distribution throughout the inner par
the micellar core, with an average value
Drm(r )525.8331010 cm/g for H2O and Drm(r )
524.5031010 cm/g for D2O contrast. This modified mode
cross section does indeed agree very well with the res
from SQDEC and we find deviations of less than 10% on
absolute scale.

2. Integral parameters and their dependence
on solution composition

After having established the local tubular cross-sect
structure through the combination of contrast variation
periments and an analysis using IFT and SQDEC, we inv
tigate thew0 dependence of the integral parameters desc
ing local structure (ML ,R̄CS,g), which will be incorporated
in the final attempt to calculate the full structure fact
S(q,c). The distance distribution functionp̃CS(r ), the cross-
section scattering intensityI sc(0), and theradius of gyration
of the cylindrical cross-sectionR̄CS,g were determined for
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different dilution series by IFT under identical condition
such as the cutoff limitqmin50.04 Å21, as discussed before

Based on Eq.~13!, we calculated the cross-section radii
gyration shown in Fig. 5. With increasing water conte
~from w051.5 to 2.5! one observes a small increase of t
cross-section radius of gyration in the range of appro
mately 0.5 Å due to the increasing amount of water in t
tubular reverse micelles, whereas the concentration de
dence ofR̄CS,g for a given water contentw0 primarily re-
flects the influence of interaction effects. Such contributio
become more dominant at higher concentrations, which
indicated in the slightly larger error bars of the IFT fits wi
increasing concentration. The calculated mass per lengt
the stock solutions results inML51.42310213 g/cm for
w051.5 andML51.55310213 g/cm for w052.5.

Although the IFT uses the assumption that the cro
section contribution to the total scattering can be decoup
from the rest, it has the advantage that it does not rely on
low-q part of the data used in the model fitting approach a
that no specific model assumptions have to be made reg
ing the overall size distribution and overall structure of t
micelles. Therefore, contributions from polydispersity a
interaction effects are minimized, which should result in
more reliable determination of integral parametersR̄CS,g and
ML at finite concentrations for different water-to-lecithin r
tios.

This is supported, for example, by the data shown in F
5, which demonstrates that interaction effects do result i
decrease ofR̄CS,g by less than 3% even at concentrations
approximately three timesc* . In combination with the de-
convoluted scattering length density profiles discussed
Sec. III C 1, we can profit from the very accurate measu
ments of both the scattering length density profiles and
integral parameters in order to measure and verify the ac
surfactant concentrations. From several series of SANS m
surements performed with different stock solutions we kn
that the local arrangement~e.g., water channel surrounded b

FIG. 5. Cross-section radius of gyrationR̄g,CS versus lecithin
concentrationc for two different water-to-lecithin ratios: w0

51.5 ~h! andw052.5 ~d!.
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a lecithin monolayer! of wormlike lecithin micelles in deu-
terated isooctane does not change with concentration. Th
fore, the distance distribution functions and excess scatte
length density profiles, respectively, should coincide on
absolute scale for all concentrations. Any deviations betw
samples with the same value ofw0 , which do not show
differences inR̄CS,g , can thus be attributed to uncertainti
in the concentration. The SANS data on an absolute s
can therefore be used to check and correct the actual con
tration in samples prepared by dilution from stock solutio
The preparation of highly diluted samples can in fact rea
tically be done by using dilutions from concentrated sto
solutions only since the small values ofw0 cannot be
achieved directly for small sample volumes and low conc
trations with sufficient precision. The preparation of larg
samples cannot be considered as a practical solution du
the requirement to use the prohibitively expensive deutera
isooctane. While dilution from a stock solution is genera
no problem for lower values ofw0 , considerable uncertain
ties arise due to the strongly viscoelastic nature of sam
with w0>2.5, where giant micelles form already at very lo
concentrations. Therefore, we have cross-checked the
centration in all samples by performing an IFT analysis
an absolute scale and all concentrations used have been
rected in this way.

D. Data analysis: Flexibility and overall structure

After having analyzed the local structure of the lecith
reverse micelles in deuterated isooctane we are now
position to investigate the intermediate-q range of the scat-
tered intensity. We will explicitly use the information ob
tained by IFT and SQDEC techniques on local length sca
to reduce the number of adjustable parameters in a nonli
least-squares fitting procedure based on a model cross
tion for a single chain with excluded-volume effects@63#. In
this section we aim at a quantitative evaluation of the fl
ibility, which is given in terms of either the persistenc
length l p or Kuhn lengthb, whereb52l p .

The starting point of our discussion is Fig. 6, which sho
the scattered intensity for two samples with different wat
to-lecithin ratios~w051.5 and 2.5! in the so-called bending
rod or Holtzer plot given byqI(q) versusq @51,98,99#. This
representation provides a sensitive way to test the agree
between theoretical and experimental scattered intensity
semiflexible chains as it significantly amplifies all deviatio
between data and theoretical curve. For semiflexible po
mers, the Holtzer plot visualizes the distinct scaling regio
discussed already in a previous section. Special emphas
given thereby to the crossover from polymerlike to rodli
behavior, which shows up as a distinct plateau due to
characteristicq21-scattering pattern of an infinitely thin cyl
inder. Such a plateau can easily be recognized in
intermediate-q range of the data presented in Fig. 6. Towa
higherq, a decay in the scattered intensity occurs becaus
the finite cross section that extends into the rodlike regi
At lower scattering vectors we clearly see an upturn due
the flexible coil-like structure of the wormlike micelles o
length scales larger thanl p .

In contrast to the physical properties on local leng
scales that are not significantly influenced by interaction
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fects ~as shown in Sec. III C!, the situation appears to b
more complicated on intermediate length scales. The ev
ation of the scattered intensity is hindered by the fact tha
clear distinction between the intrinsic stiffness and inter
tion effects is difficult to achieve. Even without interaction
the precise determination of the flexibility would cause pro
lems because the often-used crossover relationships
asymptotic expansions from the coil or rod limit are too u
certain to provide a good estimate of the persistence len

In order to overcome these problems, an extensive Mo
Carlo simulation study was performed@59# that aimed to
determine a suitable model cross section that could be
plied in a least-squares analysis of real wormlike micel
@63#. The model used in the simulations is a discrete rep
sentation of a Kratky-Porod wormlike chain model wi
excluded-volume interactions applied in the pseudoconti
ous limit. From the simulations scattering functions we

FIG. 6. Comparison of experimental data for wormlike micell
~h, w051.5; s, w052.5! with theoretical curves based upon
least-squares fitting procedure of a single-chain scattering func
with excluded-volume effects in the Holtzer representation.~a! w0

51.5 with c52.09 mg/ml and~b! w052.5 with c51.64 mg/ml.
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generated for various ratios of contour lengthL to Kuhn
length b and a parametrized expression was derived of
form

SWC~q,L,b!5$@12x~q,L,b!#Schain~q,L,b!

1x~q,L,b!Srod~q,L !%G~q,L,b!, ~16!

where Schain(q,L,b) is the scattering function of a flexibl
chain with excluded-volume effects,Srod(q,L) is the scatter-
ing function of a rod,x(q,L,b) is a crossover function, an
the function G(q,L,b) corrects the crossover region. Nu
merical approximations to these functions have been de
mined and these provide interpolations between the si
lated functions@63#.

Within the decoupling approximation, the finite size
the local cross section is included in a separate scatte
function of a simplified two-shell cross section. The applic
bility of this model is supported by the scattering leng
density profile, which we have obtained independently w
IFT and SQDEC methods@Fig. 4~d!#. The cross-section sca
tering functionSCS(q) for the locally cylindrical micelles is
given by a core and shell model

SCS~q!5

Fr2pR2
22

J1~qR2!

qR2
1~r12r2!pR1

22
J1~qR1!

qR1
G2

@r2pR2
21~r12r2!pR1

2#2 ,

~17!

whereJ1(x) is the Bessel function of first order,R1 andR2
are the core radius and the outer cylinder radius, andr1 and
r2 are the scattering length density of the core and the o
shell.

It is known from previous SLS@54# and SANS@39# ex-
periments that size polydispersity has to be included du
the equilibrium nature of the micelle. The scattering functi
SWC of polydisperse wormlike micelles is given as thez
average

^SWC~q,L,b!&z5

E N~L !L2SWC~q,L,b!dL

E N~L !L2dL

, ~18!

whereN(L) is the number distribution of wormlike chain
with contour lengthL and SWC(q,L,b) is the normalized
scattering function given by Eq.~16!. In our data analysis we
apply the Schulz-Zimm distribution@84,85# and the polydis-
persity is fixed tô M &w /^M &n52 @9#.

A typical fit procedure involves the optimization of seve
parameters. Five of them are determined by the high-q part
of the data and were obtained from an independently p
formed analysis of the local properties with the help of IF
and SQDEC techniques. On the local length scale we h
the inner and outer radii of the cylindrical cross secti
(R1 ,R2), the mass per length (ML), the ratio of the scatter
ing length densities of inner and outer core (r1 /r2), and the
background. On the intermediate and global scale we h
the persistence lengthl p and the contour lengthL. As men-
tioned before, we have fixed the polydispersity to the pr
able value^M &w /^M &n52. In the first step of our analysi
e

r-
u-

ng
-

h

er

to

r-

ve

ve

-

we check and optimize the input values of the local physi
parameters via a grid search; after that we continue the le
squares analysis with all parameters until the fitting pro
dure converges. As shown in Fig. 6, the resulting fit based
this procedure provides an excellent description of the
perimental data.

In the next step we performed the analysis for samp
with different concentrations. The resulting~apparent! per-
sistence lengthsl p,app for w051.5 and 2.5 are shown in Fig
7. We have restricted our investigation of the concentrat
dependence to samples that were prepared by diluting
same stock solution. Furthermore, the actual concentra
values were checked via the calculatedML as described
above.

For each data set with the same water-to-lecithin ratio
have chosen the same fit range. Forw051.5 we have taken
qmin5831023 Å 21; for w052.5 the lower boundary was
qmin52.331023 Å 21. As a result, we can see that the ca
culated persistence length depends linearly on concentra
This finding is due to the fact that we apply in our analysi
least-squares fitting procedure based on the single coil s
tering function where interaction effects are neglected.
order to estimate the true persistence length we have to m
an extrapolation toc→0. In this limit we find that l p
'150 Å for w051.5 andl p'160 Å for w052.5.

Results from a many-chain Monte Carlo simulation stu
@68# of the wormlike chain model have indeed demonstra
that interaction effects do influence the structure factor e
in theq region used to determinel p . In this study, a series o
static structure factors at concentrations below and abovec*
was generated and analyzed using the same fit function
single coils as for the analysis of the data from lecithin
verse micelles@Eq. ~16!#. A distinct concentration depen
dence of l p,app was also found. A careful analysis of th
conformation statistics~bond angle correlation function! of
the individual chains generated in the simulation clearly
vealed that the change inl p,app with concentration is not a
result of a change in the intrinsic chain flexibility but a stru

FIG. 7. Apparent persistence lengthl p,app versus concentration
for w051.5 ~h! and w052.5 ~d!. In the limit of c→0 the linear
fits result inl p'150– 160 Å.
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ture factor effect on a relatively local scale. Having elim
nated the effects of finite concentrations onl p,app, we are
able to provide precise values for the persistence length
micelle. Moreover, our results clearly demonstrate that e
mates made from single measurements at finite conce
tions or using crossover relations can only be used with c
tion.

1. Concentration dependence of the static correlation length

Based on the detailed data analysis presented so far
have values forML , l p ~or b!, and quantitative relations to
calculate the actual weight-average molar mass^M &w , the
reduced concentrationX, and the static structure factor in th
limit q→0, S(0), for anygiven surfactant concentration fo
lecithin in deuterated isooctane atw051.5. This means tha
we not only have the molar mass as a measure of the mic
size, but that we can also calculate structural parameters
as the weight-average contour length^L&w or the mean-
square radius of the gyrationR̄g,0 of the micelles in the hy-
pothetical case of no interactions for any value ofc. We are
thus in a good position to tackle our ultimate goal, i.e., to
to calculate the full structure factorS(q,c) using appropriate
models from polymer physics. In a first step we can s
whether the initial decay of the reduced scattering intensit
indeed compatible with our combined results from SLS~Fig.
3! and SANS (ML ,b).

The basis for this is the existence of a universal relat
betweenjs andX for polymers in good solvents, which ca
be written as

js

R̃g,0

5Fs~X!, ~19!

whereR̄g,0 is the radius of gyration that the polymer wou
have in the limitc→0. Experiments with polystyrene of dif
ferent molar mass in good solvents have indeed dem
strated that such a universal curveFs(X) can be constructed
that shows no systematic dependence on the molar ma
the solvent@100#. Attempts have been made to put this fin
ing onto a solid theoretical basis, and an explicit functio
form for Fs(X) has, for example, been calculated wi
renormalization-group methods@101#. However, whereas the
theoretical calculations reproduce the correct shape of
experimental master curve, the calculated crossover occu
a too-small value ofX and results in a strongly over
estimated effect of concentration onjs @87#.

We can now try to generate such a universal curve fr
our experimental results. On the basis of the known lo
structure of the lecithin reverse micelles~w051.5 and 2.5!
and the relation between the micellar contour lengthL, the
weight-average molar mass^M &w , and ML given by ^L&w

5^M &w /NAML , the theoretical values ofR̄g,0(c) can then
be calculated for all values ofc investigated. This is done
using the relation between the radius of gyrationR̄g,0 , the
contour lengthL, the persistence lengthl p for wormlike
chains without excluded-volume effects@102#

R̄g,0
2 ~L,l p!5

Ll p

3 S 12
3

2NK
1

3

2NK
2 2

3

4NK
3 @12e22NK# D ,

~20!
a
i-
ra-
u-

we

lar
ch

e
is

n

n-

or

l

e
at

l

whereNK5L/b is the number of Kuhn lengthb52l p per
contour length, and the expansion factoras , which accounts
for the effect of excluded volume in so-called good solve
through

R̄g
25as

2~NK!R̄g,0
2 . ~21!

As derived from a systematic study of the conformation
wormlike micelles with excluded-volume effects by Mon
Carlo simulations, the expansion factoras follows the equa-
tion @59#

as
2~NK!5F11S NK

3.12D
2

1S NK

8.67D
3G e/3

~22!

wheree50.17.
Based on the set of equations~9!, ~10!, ~20!, ~21!, and

~22!, we can thus calculate the expected values of
‘‘ideal’’ radius of gyration of the micelles and the corre
sponding values of the reduced concentrationX for all con-
centrations investigated at the water-to-lecithin ratio ofw0
51.5. Together with the experimental values of the sta
correlation length determined from the initialq dependence
of the scattered intensity as described in Sec. II, we
construct a curvejs /R̄g,0 versusX as given in Fig. 8. A
similar analysis can also be performed for all the data
tained with w052.5. We see that all data points collap
nicely onto a single master curve, which shows the sa
functional form as the renormalization-group predicti
shown as the solid line in Fig. 8. When compared with t
situation encountered in polymers, we find a similar syste
atic difference between the experimental and theoret
curves. In view of the unsatisfactory theoretical basis, a s
tematic Monte Carlo simulation study of wormlike chain
with excluded-volume interactions at different concent

FIG. 8. Comparison ofjs /R̄g,0 versus reduced concentrationX
for lecithin wormlike micelles in deuterated isooctane withw0

51.5 ~h!, w052.5 ~s!, and Monte Carlo simulations@68# with a
ratio of L/b590 ~d!, whereL is the contour length andb the Kuhn
length. The theoretical curve according to the renormalizati
group theory is shown as a solid line.
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tions ranging from very dilute to well above the overla
threshold was started@68#. The simulations were based o
our previous Monte Carlo studies of single-chain proper
using a Kratky-Porod model with fixed valence angles a
free rotations about the bonds, where the strength of
excluded-volume interactions and the Kuhn length as a m
sure of the chain flexibility were chosen so as to clos
mimic wormlike micelles or polystyrene in good solven
@59,63#. Simulations were made for several ratios of conto
length to Kuhn lengthL/b using a box with periodic bound
ary conditions. During these simulations, the scattering fu
tion @103# as well as the radius of gyration of the chains w
calculated and sampled as described elsewhere@68#.

The thus calculated scattering functionsds(q)/dV was
analyzed and quantities such as the forward scattering
the correlation length could be obtained from the initial p
of ds(q)/dV as a function of concentration. Moreover, fro
the initial part of the concentration dependence
ds(0)/dV the product ofA2^M &wc was determined, which
allowed us to calculate the reduced concentrationX for all
ratios L/b and volume fractions simulated. Having dete
mined these quantities, we could then construct curvesS(0)
versusX and js /R̄g,0 versusX from the simulation results
We found that for both reduced quantities all the simulat
data for different chain lengths fall onto single master curv
in good agreement with the experimental data for polys
rene in good solvents. The simulation results will be d
scribed in full details elsewhere@68#.

An example of the resulting curvejs /R̄g,0 versusX from
the Monte Carlo simulations forL/b590 is given in Fig. 8
as the filled circles. We see that the calculated data po
from the light scattering measurements with lecithin reve
micelles and the simulation data perfectly agree. The sim
lations thus strongly support our findings from th
renormalization-group analysis of the forward scattering
tensity and provide us with a very valuable consistency t
It is important to point out that in this comparison no fr
parameters other than the previously determined value
B1 , B2 , a, l p , and ML for lecithin reverse micelles wer
used. Moreover, the agreement between the concentra
dependence of the reduced correlation lengthjs /R̄g,0 from
Monte Carlo simulations and experimental data indicates
not only can we account for the static structure factor in
limit q→0 by using renormalization-group theory, but w
can also reproduce the initialq dependence ofS(q,c) for
polymerlike micelles. In a final step we can now try to u
the full structure factorS(q,c) estimated from Monte Carlo
simulations in order to analyze the experimental data fr
the lecithin reverse micelles.

2. Modified random-phase approximation

The basis for this final step is the finding that all structu
factors obtained by the Monte Carlo simulations can be
produced by using a phenomenological ansatz taken from
random-phase approximation~RPA! frequently used in poly-
mer physics. A theoretical treatment of the elastic coher
scattering intensity for a polymer solution at arbitrary co
centration leads to an expression of the form
s
d
e
a-
y

r

-
s

nd
t

f

n
s,
-
-

ts
e
u-

-
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of

on

at
e
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-

ds

dV
~q,c!5Kc^M &wSRPA~q,c!, ~23!

with

SRPA~q,c!5
S~q!

11v~c!S~q!
, ~24!

which is consistent with the random-phase approximat
@104#. K is the contrast factor for either SLS or SANS an
S(q) denotes the normalized single-particle scattering fu
tion. In this approximationv(c) is a concentration-dependen
excluded-volume parameter that has been introduced to
corporate many chain interactions. Unfortunately, to o
knowledge, there exists no quantitative treatment that wo
allow us to incorporate the effect of molar mass intov(c)
and we thus have no means to calculatev(c) as a function of
concentration, contour length, and flexibility. Moreove
most theoretical treatments have been based on a mode
either flexible chains or rigid rods. An analysis of the sta
structure factor generated in the Monte Carlo simulatio
@68# has led to the discovery that a simple RPA expression
the form of Eq.~24! leads to systematic deviations at high
values ofq when using the single-chain scattering functi
for wormlike chains with excluded-volume effects as deriv
from the Monte Carlo results presented recently@63#. How-
ever, good agreement for all values ofq was obtained when
using a phenomenological derivative of the original RP
expression

SRPA~q,c!5
SWC~q!

11
12S~0!

S~0!
f Debye~q2R̄g

2!

, ~25!

where SWC(q) is the single-chain scattering function for
wormlike chain with excluded-volume effects according
Eq. ~16! and

f Debye~x!52
e2x211x

x2 ~26!

is the Debye function, i.e., the form factor of a Gauss
chain. The factor@12S(0)#/S(0) ensures the correct valu
of SRPA(q50,c) when using Eq.~8! for S(0). Due to the
very good agreement between the initialq dependence of
S(q,c) obtained from the Monte Carlo simulations and t
calculated relation betweenjs /R̄g,0 and X for lecithin re-
verse micelles as demonstrated in Fig. 8, we can hope
the phenomenological expression given in Eq.~25! could
provide a quantitative description of the experimental sc
tering data at all values ofq. We have therefore used anad
hoc modification of Eq.~25! of the form @95#

SRPA~q,c!5
^SWC~q!&zSCS~q!

11
12S~0!

S~0!
f Debye~q2R̄g

2!

~27!

in order to calculate the normalized intensity of a solution
lecithin in deuterated isooctane forw052.5 with c
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56 5785STATIC STRUCTURE FACTOR OF POLYMERLIKE . . .
53.49 mg/ml, i.e., at a concentration close toc* . From an
analysis of the concentration dependence of the apparent
lar mass forw052.5 we have obtained values ofB1 , B2 ,
and a, which we can use to calculate the weight-avera
molar masŝ M &w52.93107 g/mol of the micelles at this
concentration@Eq. ~9!#, and the expected value of the r
duced concentrationX51.26@Eq. ~10!# or the corresponding
value ofS(0)50.365@Eq. ~8!#.

In combination with the experimentally determined val
of ML we obtain the weight-average contour leng
^L&w536 000 Å. Together with the experimentally dete
mined value ofl p5160 Å ~Fig. 7! and the cross-section ra
dius of gyrationR̄CS,g519 Å as obtained from the entir
series of SANS measurements~Fig. 5!, we now have all the
parameters required in an attempt to calculate the full st
ture factor on an absolute scale using Eq.~27!. The result of
this calculation is shown in Fig. 9~a! together with the ex-
perimental data from light and neutron scattering exp
ments and a calculation for the ideal scattering curve us
the single coil scattering function without interaction effec
We find excellent agreement over the entire range ofq val-
ues, which spans more than three orders of magnitude
particular, the intermediate-q range around the crossove
from flexible coil to stiff cylinder, for which no previous
theoretical description existed, is remarkably well rep
duced. This is shown in more detail in Fig. 9~b! using a
Holtzer plot. The agreement between calculated curve
experimental data is generally well below 10%, with a ma
mum deviation of around 13% in the crossover region.

It is important to point out that the only parameters us
in the calculation were integral parameters obtained from
combined analysis of a large set of measurements such a
growth parametersa, B1 , andB2 as predicted from an analy
sis of all the light scattering data, the flexibility as dete
mined from a set of SANS measurements in t
intermediate-q range, andML andR̄CS,g as determined from
a concentrated stock solution. No attempts to adjust o
some of these quantities to the individual data set foc
53.49 mg/ml have been made. The close corresponde
between calculation and experimental data is thus quite
markable as it is performed on an absolute scale and relie
the perfect agreement between the light scattering and
SANS data. In fact, some of the discrepancy between d
and the calculated curve may come from a slight misma
that leads to systematically too-high values of the calcula
intensity when compared to the SANS data. Another po
where we still need improvement is the correct treatmen
polydispersity. The expression forS(q,c) given in Eq.~25!
has been derived from Monte Carlo simulations of monod
perse chains, whereas micelles are known to be very p
disperse with an exponential size distribution described
the Schulz-Zimm distribution according to Eq.~7! with
^M &w /^M &n52. In order to incorporate polydispersity w
have chosen anad hoctreatment in which we calculate th
appropriate intensity-weighted polydisperse single-ch
scattering function using the Schulz-Zimm distributio
whereas we used the weight-average contour length to
culate the corresponding Debye function and theS(0) from
the renormalization-group theory analysis, i.e., we relied
some sort of decoupling approximation. We do not rea
o-

e

c-
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have a theoretical justification for this procedure other th
the fact that the result was very encouraging and it is cl
that we desperately need a better understanding of the ef
of polydispersity.

IV. CONCLUSION

The static and dynamic properties of ‘‘equilibrium poly
mers’’ have been the subject of numerous theoretical
experimental studies. In particular, surfactant systems
which giant wormlike micelles are formed frequently ha
been used as very interesting model systems. The presen
flexible and locally cylindrical aggregates and the close an
ogy between the structural properties of wormlike micel
and polymers have been demonstrated in a large variet

FIG. 9. Comparison of experimental data for lecithin wormli
micelles~w052.5,c53.49 mg/ml! with theoretical results based o
the single-chain scattering function with excluded-volume effe
~dotted line! and the modified random-phase approximati
~straight line!. For details see the text.~a! Full scattering curve over
an extendedq range of approximately three decades inq. ~b! Rep-
resentation in a so-called bending rod or Holtzer plot.
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5786 56JERKE, PEDERSEN, EGELHAAF, AND SCHURTENBERGER
systems primarily by scattering experiments. However,
spite the considerable effort devoted to a characterizatio
polymerlike micelles and microemulsions, we still lack pr
cise knowledge of fundamental properties, such as
concentration-dependent micellar growth or the mice
flexibility, and the available data are inconsistent. A ma
obstacle in experimental studies employing scattering m
ods has always been the problem of how to incorpor
growth, polydispersity, flexibility, and intermicellar interac
tions in a consistent way in the interpretation of scatter
data. A first step in this direction was made recently, wher
was shown that one can successfully tackle this problem
directly applying the results from conformation spa
renormalization-group theory for semidilute polymer so
tions to equilibrium polymers. However, we cannot exp
that a direct application of renormalization-group theory c
yield a quantitative description of the static structure fac
on all length scales, which could otherwise be used as
additional test of these earlier findings.

Additional important progress towards a full descripti
of S(q,c) was recently made by using Monte Carlo simu
tions of wormlike chains with excluded-volume effects in t
pseudocontinuous limit, which provided accurate expr
sions for the single coil scattering function on all leng
scales. As demonstrated in this article, these parametr
scattering functions are capable of fitting the experimen
data from polymerlike reverse micelles over more than th
decades inq with very good agreement. The use of nume
cal expressions for the full scattering function allows for
incorporation of polydispersity and permits us to determ
apparent values of the contour length and the persiste
length with high precision. These accurate values forl p,app
yield clear evidence that the SANS data at intermediateq,
from where we extract the information on the persisten
length, is influenced by intermicellar interaction effects ev
at relatively low concentrationsc,c* . It is only from a
direct comparison with a recent Monte Carlo simulati
ys
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study of many chain systems that we are able to identify
eliminate the interaction effects and provide precise val
for the persistence length of wormlike micelles and mic
emulsions. These findings now open new opportunities
study micellar flexibility and investigate the influence
compositional changes, temperature, or charges onl p .

A direct comparison of experimental data and a calcula
full structure factorS(q,c) at arbitrary concentrations usin
the independently determined parameters~the ‘‘true’’ molar
masŝ M (c)&w , the true persistence lengthl p , and the mass
per lengthML! represents the ultimate consistency test
any theoretical description of micellar growth, structure, a
interactions. The results presented in this article stron
suggest that a phenomenological form ofS(q,c) obtained
from the Monte Carlo simulations indeed achieves this f
midable task. It is clear that we still have to make ma
progress in the incorporation of polydispersity and subj
the proposed expression for the static structure factor to
ditional test. Nevertheless, we believe that we have made
important step towards a complete description ofS(q,c) that
fully incorporates micellar growth, flexibility, and interac
tions in a consistent way.
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